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1989  Ringel C M  Hall  ¡¢£¤¥
¦§¨©ª«¬­® ̄ °±²³´µ¶·¡¸¹º»
 Hall¼½¥¤¨©ª ¾̄¿ÀÁÂÃÄÅÆÇÈÉÊËÌ Í̄Î» AR-Ï¡¾ÐÑÒÓ¥¤¨©ªÃÄ°ÔÕ¤¥
Æ¨©ªÖ×¤ØÙÚÛ¢£ÜÃÄÝÞßàÕ Tubular
Ú tame concealed áâãÑ T(2, 2, 2, 2), T(3, 3, 3), T(4, 4, 2) ä
T(6, 3, 2)  tubular áâÕ Tubular åæç§èéêæçÔëì
íî¢£Üïðñòó­ô [Rin1,HR,GL,Mel3]. õ öÜ÷ø






ùúþ³ÒÓ T(2, 2, 2, 2) ã tubular ÐË Õ! A Ú
T(2, 2, 2, 2) ã tubular ¯"Ú tame #$ A0 %&áâ¯'Ú tame
#$ A∞ %&(áâÕ) P0 Ñ*+, A0- å-¯Q∞ Ú*., A∞-














P0·T ·Q∞ ü23¯4÷ [Zh1] ï­56,Ðü23Ë 7ò
8
T(2, 2, 2, 2) ã tubular ÐÕ
ùüþ³øî9 tubular :;Ð¥ <= /̄
0=> 5?@ D(1)4 , E(1)6 , E(1)7 ä E(1)8 ã6, Kac-Moody ¯A
Bê D(1)4 , E(1)6 , E(1)7 ä E(1)8 ã6, Kac-Moody 9CD¼½
 EÕFGùµH tubular Ú÷ [LP] ïÍ¹ tubular ¯ùúH
tubular ÚIE tubular Õ
ùýþ³ T(3, 3, 3) ã tubular  A î Frobenius J, F KL
&© AF , ÒÓ AF éêæç Db(AF ) §Mæç R = Db(AF )/T 2 



















Since Ringel C M defined Hall algebras over finitary rings to study rela-
tions between representations of quivers and Lie algbras and quantum groups
in 1989, working mathematician have been always trying to use representations
of algebras to realize Lie algebras and quantum groups. Many important and
inspiring results have been obtained, and so the quiver-approach has become
an important tool in the study of Lie algebras and quantum groups. Recently
the interaction between representation theory of algebras with Lie algebras
and quantum groups is an important trend of developing. A tubular algebra is
a tubular extension of a tame concealed algebra of extension type T(2, 2, 2, 2),
T(3, 3, 3), T(4, 4, 2) or T(6, 3, 2). The good properties of module categories and
derived categories of tubular algebras are of wide interest in the representation
theory of algebras [Rin1,HR,GL,Mel3]. This dissertation cencentrates Hall al-
gebras of tubular algebras over finite fields to study three problems concerning
quantum groups and Lie algebras respectively in the second, third and forth
chapter, and includes five parts altogether.
In the preface, we give an introduction of recent developments related to
this dissertation, and make a systemic exposition of our main results.














results relevant to this dissertation, which give a necessary preparation for the
following three chapters.
The structure of composition algebras of tubular algebras of type T(2, 2, 2,
2) is studied in the second chapter. Let A be a tubular algebra of type
T(2, 2, 2, 2) over a finite field, it is the one-point extension of a tame hereditary
algebra A0 and also the one-point coextension of a tame hereditary algebra A∞.
Let P0 be the set of preprojective A0-modules and Q∞ be the set of preinjec-
tive A∞-modules, P0, Q∞ ⊆mod A, T =mod A \(P0∪Q∞). In this paper, we
get a triangle decomposition structure P0·T ·Q∞ for the composition algebra
C(A) of A, which generalizes the triangular decomposition of affine compo-
sition algebras in the paper [Zh1] to that of composition algebras of tubular
algebras of type T(2, 2, 2, 2).
The third chapter we respectively construct quotient algebras of degener-
ate composition Lie algebras of tubular algebras belong to two different types,
and prove that the quotient algebras are isomorphic to the corresponding affine








8 . In other words, we give









8 . The tubular algebras belong to the first type are used in the paper [LP];














In the final chapter, we define the F -fixed point subalgebras AF of tubu-
lar algebras A of type T(3, 3, 3) with the action of Frobenius morphisms F ,
and study the structure of derived categories Db(AF ) and root categories R
= Db(AF )/T 2 of AF , then prove that the Ringel-Hall Lie algebras of R are
isomorphic to the elliptic Lie algebras of type F
(2,2)
4 defined by Yoshii D in the
paper [Yo]. Moreover, we obtain the dimensions of root spaces of elliptic Lie
algebras of type F
(2,2)
4 .
Key words tubular algebras; composition algebras; triangular decompo-
sition; degenerate composition Lie algebras; affine Kac-Moody algebras; Frobe-
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1989 Í Ringel C M ÎÏÐÑÒÓÔÕÖ Hall ×ØÙÚÛÜÝÞßà×ØáâãäåæçÖèéêØëìíîïðñòóÜôõÑÒöÕÑÒ÷×ØÖ Hall ×Øøùà×ØßãäåêúûüÐýþÑÿ ÏÖê	
ÑÒ÷×ØÖ AR- Üúãäåßà×ØÖÿ ìßà×ØãäåÖßÍÙ×ØÝÞÖÿ ëôõÑÒöÕ tubular ×ØÖ Hall ×ØÙà×Øßãäå 
Öñ!"#
Z Õ n× n $%& C = (aij) '(Ï Cartan %&ê)*+,á-./0
(1) aii = 2, 12Ö i = 1, 2, · · · , n;
(2) aij ≤ 0, 3 i 6= j;
(3) aij 6= 0 4564 aji 6= 0.(Ï Cartan %& C '71'8Öê)9: n× n $1;<%& D,	

DC
1'%&=> D Ö1;?@A (εi)i∈I , I = {1, 2, · · · , n}, '
1'8Bä) εi CDØ5EÑFBäêG' (εi)i∈I  C ÖHI1'
8Bä
171'8(Ï Cartan %& C = (aij)i,j∈I , I = {1, 2, · · · , n}, J g(C) 
C 1KÖ Kac-Moody ×Øê*L 3n Müä ei, fi, hi, i ∈ I á-ü
èéNOÎÖà×Ø0
{
[hi, hj] = 0, [ei, fj] = δijhi, [hi, ej ] = aijej , [hi, fj] = −aijfj;
(adei)
1−aijej = 0, (adfi)
1−aijfj = 0.PQÎÏÖà×Ø g(C)  [Kac2]  ÎÏÖ Kac-Moody ×Ø g ÖR×Ø
[g, g]. g(C)
ÑS;TU g(C) = n− ⊕H ⊕ n+, V n+(TWXê n−) ÝÞL
{ei|i ∈ I}(TWXê {fi |i ∈ I}) üÖ g(C) Öä×Øê' g(C) ÖY (T













2 Tubular ]^_ Hall ]^`a]^
b
C = (aij)i,j∈I
71'8(Ï Cartan %&ê (εi)i∈I  C ÖHI1
'8Bäê Q(v) ÑcØö Q Õèdeã v ÖÑcfØö 1985 ÍghêDrinfeld  Jimbo iÌjkXÎÏÐ Kac-Moody ×Ø g(C) Ölm×Ø
U(g(C)) Öe< Uv(g(C)), 'ãälm×Øên'ãäå*Lüä
{Fi, Ki, K
−1
i , Ei|i ∈ I} á-üèéOÎÖ Q(v)- ×Ø0




i Ki = 1,
KiEj = v
aij
i EjKi, KiFj = v
−aij
i FjKi,





























i = 0,1 i 6= j.

















cáâ7xy×ØåÖzÝÞ Ñ{ãKõ Uv(g(C)) ÑS;TU U− ⊗
T ⊗ U+, V U+ (TWXê U−) ÝÞL {Ei|i ∈ I}(TWXê {Fi|i ∈ I}) üÖ Uv(g(C)) Öä×Øê' Uv(g(C)) ÖY (TWXêZ) [Tê T L




ö k ÕÑÒ÷|}×Øê {Si|i ∈ I} ~ A- zq×Ý@ÎÏ%& C = (aij)i,j∈I )-Ö%&0
(1) aii := 2, 12Ö i ∈ I;
(2) 3 i 6= j, aij := −dimEnd(Si)Ext1A(Si, Sj) − dimExt1A(Si, Sj)End(Si).

C
71'8Ö(Ï Cartan %&ê' A 1KÖ71'8(Ï
Cartan %&Ùê1271'8Ö(Ï Cartan %& C, 1KÑö k
ÕñÖÑÒ÷|}×Ø A, 	















(Ï Cartan %&OÎÐñÖ Kac-Moody ×ØâVãäåêïôõÑÒ÷|}×Øøù Kac-Moody ×ØâVãäå
1972 Í Gabriel P ùÐñMÖÎc0×ØöÕ Dynkin ÜÖ7TUÝÞß~à×ØÖYé÷Øãqññ1K [Ga];uê
Dlab V  Ringel C M  Ð:2Ö¡öÖ¢<- Gabriel Îc£¤k
[DR]; Kac V G  ÐñM¥¦§¨ÖÎc0×ØöÕEÑ©ªÖÜÖ7TUÝÞÖ÷Øã«¬1KÖ Kac-Moody ×ØÖY [Kac3]; 2004
ÍêHubery A­(Ð KacÎcê Ð71'8 Kac-Moody×ØÖYéßÑÌqÖÜÖÝÞÑ®¬Ö1Kèé [Hub1, Hub2]. 1987 Íê Happel
D­(Ð GabrielÎcê 03 Aö k ÕÑÒÝÞ¯|}×ØêDb(A) 
A ÖR§°±ê²³°± R= Db(A)/T 2  A Ö°±êPQÖ T  Db(A)
Ö translation fäêG R Ö7TU1´Öqß1KÖà×ØÖ (
66Y) ññ1K [Hap1], P!µ¶Ð Kac-Moody ×ØßÜÝÞcÖ·¸éÖ
¹ºÖ Hall ×Ø:ÑH{c»Ö¼½¾¿Ô R ÕÎÏÖ×Øq
H(R). 1989 Íê Ringel C M õÀÖsÁ:2ÑÒÓÔÕÎÏÐ×Ø
qêÂWXê12ÖÑÒöÕÑÒ÷×Ø A, ÎÏÐ A Ö Hall ×Ø H(A):
H(A)




PQÖ FLM,N ÝÞ L Ö+,./ V ' N , L/V ' M Öäz
V ÖMØ) A ÑÒö k ÕÑÒ÷ÑÒÝÞ¯|}×Øê |k| = q, C
A 1KÖ71'8(Ï Cartan %&ê Ringel C M  Ð4 q Åd 1>ê H(A)/(q− 1)H(A)  L7TU A- zq¡Ö Z- Æç: Hall Ä
ÖÇäÈÉ-à×Ø (' Ringel-Hall à×Ø), Ê5*ÖËØ8<Ì¤qd1KÖ~à×Ø g(C) ÖY[T [Rin2, Rin4]. =>NÑÖ7
TU A- zqÌÍÐ g(C) Ö Chevalley ¡ßÕÎ Gabriel ÎcÏÐê
Ringel-Hall
à×ØÑ§ÐÒÓÔÖ1KèéÀXêôõÑÒ÷ tame ¯|}×ØÖ Ringel-Hall à×Øê Frenkel I, Malkin A  Vybornov M :













4 Tubular ]^_ Hall ]^`a]^
Ö Chevalley ¡
1991 ÍêRingel C M : [Rin5]  Ì§"#0ôõ×ØÖÝÞøù
Kac-Moody ×ØÖDM[T66Y[TØÙ¸ÚÛÜTW: [PX1]
 [PX3]  1~à×Ø Ãn−1 ¯ÕÖà×ØÑÝÞÎßà¶ñáê2000
Íâï1NÑ¯Ö71'8 Kac-Moody ×ØÑÝÞÎÖßàx~Öãä)-0b A ÑÒö k ÕÑÒ÷|}×Øê C  A 1KÖ(Ï Cartan %
&ê g(C)  C 1KÖ Kac-Moody ×Øê R= Db(A)/T 2  A Ö°±ê
K(R)
á R  7TU1´q¡ÖÌL Abelian åê h  R Ö
Grothendick åêG K(R)⊕h Õ7ÎÏàÈÉê	
 K(R)⊕h qd g(C)
Ö Z- <ê5 R Ö7TU1´q<Ð g(C) Ö Chevalley ¡êÊÏ
KX
å R Ö7TU1´qßà×Ø (YêZêøêæ) Ö




) k ÑÒöê A ÑÒ÷ÑÒÝÞ¯|} k- ×Øê C  A 1K
ÖÑÒ¯(Ï Cartan %&ê H(A)  A ÖïÖ Hall ×Øê 1990 Í Ringel
C M  Ð H(A) Ö generic <qd C 1KÖãäå Uv(g(C)) ÖY[
T U+[Rin3]; ðí 1995 Í Green J A  Ð3 A ÑÒ÷|}×Øê H(A)
 L~ A- zqüÖÃä×ØÖ generic <qd1KÖãäå
Uv(g(C)) ÖY[T U+[Gr].
øùÐãäåÖY[Tæuêï¶ñáDMãäåÖøù1994
Íê Green J A ùÐÖ Green Fêñâ:ÑÒ÷|}×Ø A Ö
Hall ×Ø H(A) ÕÎÏòóÁêÊ5òóÁß Hall ÄÏêB= H(A) ô×Ø 1997 ÍÛÜõö torus ×Ø T d H(A), 
å÷\Ö Hall ×Ø H ,
Ê5âøùX: H ÕÎÏ antipode, 	















úXêÎÏÐ H ÖZÖ Hopf ×Øq H−. : H+  H− æç9:ô?Ó¯
Ringel pairing ϕ, d (H+, H−, ϕ) ûRÐy8Ö Drinfeld double D(A),
' double Ringel-Hall ×Øcê: H(A) ÖÃä×Ø C(A) Õì7á
ÎÏYÖ Hopf ×Øq C+ üZÖ Hopf ×Øq C− áâô?Ó¯ Ringel
pairing ϕ, d (C+, C−, ϕ) ìûRÐy8Ö double Ã×Ø Dc(A). ÛÜýX Ð Dc(A) qd A 1KÖ71'8(Ï Cartan %& C Öãäå
Uq(g(C))(
66Y[T)[X].
¶ñáê 2002 ÍþÿüÛÜ: [DX1]  îÑÒ÷|}×Ø1KÖ
Cartan datum (I, (−,−)) qrÐ¡ F , Êõöñ!@Ad (I, (−,−)), 
åÐ÷\Ö Cartan datum (I, (−,−), {θj : j ∈ JF}). âïù (I, (−,−), {θj :
j ∈ JF}) 1KÐñÖ1' Borcherds-Cartan %& CF(Borcherds-Cartan %
&ÖÎÏ  [Bor2]). Àd71'8 Cartan %&1KñÖ Kac-Moody ×
ØâVãäåê71'8 Borcherds-Cartan %& CF ì1KñÖ(Ï Kac-
Moody ×Ø g(CF) âVãäå Uq(g(CF)). âï Ð)ÕÖ D(A) qd
Uq(g(CF)),ñÑÒ÷|}×ØÖ double Ringel-Hall×ØY¬øùÐ1KÖ(Ï Kac-Moody à×ØÕÖãäå
áÕÞÐ×ØÝÞßãäåæçÑÖ¸éêB=|}×







âV7ÄzÕ [DX1]. 2003 ÍÙ¸Úôõ|}×ØÖR§°±qr
1KÖãäåêÊôõ×ØÝÞ fäß AR-translation 
åÐ1K
ãäåÖÌq [PT].
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Hub3, Sz]. 1dÑÒ÷ÑÒÝÞ¯×Øê*ÖÃ×Ø Hall ×Øñ	Ö
3ÑÒ÷×ØÖÃ×Øß Hall×Øñê=>Ã×Ø Hall×Ø
ÑñÌ¤¡êGÃ×ØÖqÑÏÖ¢b A Ãn, D̃n, Ẽ6,
Ẽ7  Ẽ8 ¯×Øê C(A) *ÖÃ×Øê !: 1998 Í Ð C(A) 
ÑS;TU [Zh1]: b P(TWXê I)  C(A)  L"#Ö A- z (TWXê"$Ö
A- z) üÖä×Øê T  C(A)  LNÑ<) rd Ö@AüÖä
×ØêPQ rd = ∑[M ], [M ] %&NÑ÷Øã d ÖYG A- zq
J P · T · I ÝÞ C(A)  NÑ<) [P ] · rd1 · · · rdm · [I], [P ] ∈ P, [I] ∈ I Ö@
AüÖäÆçêG C(A)=P · T · I. uÙ'(ü !: [HuZ]  Ñ§Ð
ÕÎÎcx8Ö  2001 Íê\)( ÐVò¯ÖÕÖÃ×ØìÑ
)ÕÖS;TUôõ C(A) ÖS;TUê !d 1998 Í: [Zh2]  *
Ð C(A)  7TU A- z M Öq [M ]: [M ] ∈ C(A) 4564 M +,
Ext1(M,M) = 0, + M ,-z.ë/ÛÜèTW: [CX1]  [CX2]  
Ñ§ÉÁ0 C(A)  ,-zq1èd~zqÖþ2ÃÖ
< 2000 Íê !: [Zh3]  ôõ C(A) ÖS;TU¶ñá*Ð C(A)
 A- zq [M ] ÖÓ·0b M = P ⊕ R ⊕ I, V P (TWXê R, I) ÝÞ"#Ö
(TWXêYGê"$Ö)A- zêG [M ] ∈ C(A) 4564 R Öò




Tubular CDP tame concealed CD<÷QRS T(2, 2, 2, 2), T(3, 3, 3),
T(4, 4, 2) T(6, 3, 2)< tubular÷QOTPUVWX<CDYZ[\]^Z_`\]GH<abcd9eTfCDghijkl?mn<op [Rin1,HR,GL,
Mel3]. qrst @A? T(2, 2, 2, 2) R tubular CD A <:BCD C(A) <
EFY0r [Zh1] juv:BCD<wxyzEF{m| T(2, 2, 2, 2)R tubular
CD<:BCD}~ A P tame CD A0 <QYP tame C
D A∞ <QO P0 Sv A0- [:Y Q∞ Pv A∞- [
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